GLOBAL EXISTENCE OF THE CRITICAL SEMILINEAR 
WAVE EQUATIONS WITH VARIABLE COEFFICIENTS 
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, Abstract 

I In this paper, we consider exterior problem of the critical semilinear wave equation 

in three space dimensions with variable coefficients and prove global existence of smooth 
solutions. Similar to the constant coefficients case, we show that the energy cannot 
concentrate at any point {t,x) G (0,oo) x ft. For that purpose, following Ibrahim and 
Majdoub [5] , we use a geometric multiplier close to the well-known Morawetz multiplier 
I used in the constant coefficients case. Then we use comparison theorem from Riemannian 

Geometry to estimate the error terms. Finally, using Strichartz inequality as in Smith 
and Sogge [TT], we get the global existence. 

Keywords: exterior problem, variable coefficients wave equations, critical nonlin- 
earity. 



CM 



O ■ 1 Introduction 



(N 
oo 

cn 

o 
o 



In this paper we consider global existence of smooth solutions of the exterior problem 
utt - = on (0, oo) X n, 

uiO,x) = fix) G C^in), utiO,x) = g{x) G C^in), ^^'^^ 



, . . I u(t, x) = X £ 

X 

' where Q, is the exterior of a smooth and compact obstacle '0 C M^, A(x) = (a*-'(x)) are 

symmetric and positively definite matrices for all x £ ft, a^^{x) are smooth functions on Vt. 
And assuming the data (/, g) satisfies a necessary compatibility condition arising from the 
Dirichlet boundary condition. If a*-' = (5*-^, which denotes the Kronecker delta function, we 
say problem (I.l) is of constant coefficients. In the case of critical nonlinear wave equation 
with constant coefficients, a wealth of results are available in the literature. For Cauchy 
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problem, global existence of C^-solutions in dimension n = 3 was first obtained by Ranch 
[8], assuming the initial energy to be small. In 1988, also for "large" data global C'^-solutions 
in dimension n = 3 were shown to exist by Struwe [12] in the radially symmetric case. 
Grillakis [3] in 1990 was able to remove the latter symmetry assumption and obtained the 
same result. Not much later, Kapitanskii [7j estiblished the existence of a unique, partially 
regular solution for all dimensions. Combining Strichartz inequality and Morawetz estimates, 
Grillakis [S] in 1992 established global existence and regularity for dimensions 3 < n < 5 and 
announced the corresponding results in the radial caes for dimensions n < 7. Then Shatah 
and Struwe [9] obtained global existence and regularity for dimensions 3 < n < 7. They also 
proved the global well-posedness in the energy space in |10] 1994. For the critical exterior 
problem in dimension 3, Smith and Sogge [11] in 1995 proved global existence of smooth 
solutions. In 2008, Burq et all obtained the same result in 3-D bounded domain. 

For the critical Cauchy problem with time-independent variable coefficients, Ibrahim 
and Majdoub pj in 2003 studied the existence of both global smooth for dimensions 3 < 
n < 6 and Shatah-Struwe's solutions for dimensions n > 3. 

In this paper we consider the problem (1.1) with a general ^4(3;) and we refer to it as 
critical problem with variable coefficients. We define a metric g = A~^{x) = (a*-' (x)) ^ , x G 
Q, then on the Riemannian manifold (fi, g) we can introduce the distance function p. To 
derive the global existence, the key step is to show the part of the energy associated 
to (1.1) cannot concentrate at any point {tQ,XQ), where xq £ 0,. Instead of the Morawetz 
multiplier tdt + rdr + 1, where r = we use a geometric multiplier following Ibrahim and 
Majdoub [6]. That is: tdt + pdp + 1, where p = p{x,xq) is the distance function from some 
point X to xo and dp = Vgp = g^-^Pxj-^ = ^^^Pxj-^^ and here denotes the gradient 
on the Riemannian manifold. Then we use Hessian and Laplace comparison theorems from 
Riemannian Geometry to estimate the error terms. Finally we use Strichartz estimates to 
obtain the global existence, as in jllj . 

2 Main result 

In this section we show the main result and proofs. 
Following Ibrahim and Majdoub [B], we define: 

g = A-^{x) = {a'\x)y^ xefl, (2.1) 

as a Riemannian metric on Q, and consider the couple (fi, g) as a Riemannian manifold. For 
each X G 0, the Riemannian metric g induces the inner product and the norm on the tangent 
space Qx = ^1 by: 

{X, Y)g = {A-\x)X, Y), \X\l = {X, X)g, X,Y €n, (2.2) 

where (•, •) is the standard inner product of the Euclidean space. For w £ H^{Q), we have: 

VgW = a'^ {x)wxj = A{x)Vw, \V gw\'^g = a'^ {x)wxiWxj x G Q, (2.3) 

where is the gradient of the Riemannian metric g, and V is the gradient on Euclidean 
space. Here and in the sequence, we use geometric convention of summing over upper and 
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lower indices. 

In this paper we assume there are ci > and C2 > such that 

ci|Xp < X) < C2|X|2, for all X en, X e O, 

then |Vgt(;|g ~ |Vw|. 

We define the energy of the problem (1.1): 

m = \j^[ui + a'\x)u,^u^^ + y) dx. (2.4) 

2.1 Global existence 

The key to establish global existence for (1.1) is to show that: if the data (/, g) has com- 
pact support, and if u is a smooth solution to (1.1) in a half open strip [0, to) x n, then u must 
be uniformly bounded by some constant in that strip. Then local existence and regularity 
theorems imply global existence and regularity. To establish the uniform bounds on n, by 
compactness it suffices to show that u is bounded in a neighborhood of each given point 
(to,a:o), where xq G $7. 

Theorem 2.1. Suppose that u £ C°°([0, to) x n) solves (jl.ip . Then if xq € n, u must be 
bounded in a neighborhood of (to, xq), and hence u £ L°°{[0, to) x Q). 

Let us now sketch the proof that u cannot blow up at {to,xo). As in Grillakis [5] and 
Shatah and Struwe [9] , the first key step is to show the part of the energy associated to 
(1.1) cannot concentrate at {tQ,xo): 

r ifi 

lim / — dx = 0, (2.5) 

V<o Jpf^' ^o)<*o-* 6 

where p is the distance function of the matric g from xq to x £ Q. li A = (5*-'), then g is the 
standard metric of O and p{x) = \x — xq\. For a general metric g, the structure of p{x) is 
more complicated. For the properties of this function, see section 3. 

The proof of (2.5) will be shown in section 2.2, following Struwe [12], exploiting an geo- 
metric multiplier mentioned above similar to the well-known Morawetz multiplier. However, 
extra error terms appear in the variable case. To overcome this difficulty, we apply Hessian 
and Laplace comparison theorem from differential geometry. If xq G dQ , we apply the 
similar method as Burq et all used in [Tj to control the boundary term. 

To prove Theorem 2.1, The second key step is to use the Strichartz inequality to prove 
that u is bounded near any point (to, a^o), where xq G Q. Our proof of this part is completely 
parallel to Smith and Sogge [llj, for the convenience of the reader, we sketch the proofs as 
follows. 

Assuming identity ()2.5p is hold, then combining with the Strichartz estimates we show 
that u £ LfL^^{K), where K is the domain of influence for (to, xq): 

K = {{t,x) : p{x, xo) <to-t, (t,x) G [0, to) X 17}. (2.6) 

Then Strichartz estimates shows that u G L^L^i^K) implies dtu G L'^L^{K). A similar 
argument can be applied to show that V xU G Lf^L^{K), which is equivalent to \Vgu\g G 
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L^°L^j.[K). We then use Holder's inequality to see that the total energy cannot concentrate 
at (to, xq)^ that is: 

Urn- { uf + a'Ux)ux Ux -\ ) dx = 0. (2.7) 

Now we shall give more specific details with several lemmas. The first is to show the 
part of the energy cannot concentrate at any point, the second is the spacetime estimates 
for the wave equation, the third is standard and says that the energy associated with our 
equation is conserved; furthermore the energy inside spatial cross-sections of a backword 
light cone is monotonic decreasing in time. 

Lemma 2.2. If n G C°°([0, to) x ^) solves (1.1), and xo G Tl, then: 

lim [ }li^dx = 0. (2.8) 

We postpone the proof of lemma 2.2 for the moment. 
Lemma 2.3. For the solution to the exterior problem in the half open strip [0, to) ^ ^■ 



utt - -^ {a''\x)ux^ = F{t,x) on (0, oo) x fi, 

^ u(0, x) = f{x), ^4(0, x) = g{x), 
satisfies the estimates as follows: 

\\u\\ 2^ < C(ll/lliji(f7) + + II^IIlJLKIO, to)x Q)) 



(2.C 



6<q<oo. (2.10) 

For the proof see Smith and Sogge [TT] . 
Lemma 2.4. Let u as above. Then 

29 

ue L^'-^LKK), if6<q<oo. 

Proof. Holder's inequality implies that if 6 < g < gi, then L^nLf"' Lg^ C Lf''L%. Smce u G 
L'^L^ by conservation of energy, it therefore suffices to check that 

_2q_ 

ue^-'LliK), if 10<q<oo. (2-11) 

If < si < S2 < to , set 

where K is as above. Then, since u is smooth and has relatively compact support in [0, to) x 
it suffices to show that for some fixed < si < to, one has 

sup ||it|| 2q < 00, if W < q < 00. 

SiGisi, to) Lf^L%(Kll) 
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To establish this inequahty, we shall want to apply (j2.10p . and if the norm in the left 
is only taken over K^^, then the norm involving F need only be taken over the same set, by 
Huygen's principle. Thus 

\\u\\ _2q < CqEo + Cq\\u^\\j^i^2(j^''2\-, 

where Eq denotes the initial energy of u.li q > 10, another application of Holder's inequality 
yields 

5 2q 2q 

' ' * ^^^^^ Lf^mKp^) 

and consequently 

5 2q 2q 

2q <CqEQ + Cq\\u\\ s^AuW^'lg 

Given e > 0, (j2.8p implies that we can choose si close enough to to so that 



If we choose 



2q .1 2q 

£<2 —^{CqEoY 



then the following standard lemma implies that 



2q < 2CqEQ, 

Lr^LliKlD 



giving us ()2.1ip and finishing the proof. 

Lemma 2.5. Let < Co < oo and suppose that < y{s) G C([a, 6)) , with y{a) = 0, satisfies 

y{s)<C^ + ey{sr. 

Then if e < 2-^0]'^ it follows that 

y{s) < 2Co, s £ [a, h). 

Proof. Since Co + ex"^ - X < if e < 2-'^Co~^ and x = 2Co, it follows that 

< Co + ex'^ - X V X e [0, xo] =^ xq < 2Co. 

Since y{s) must be < the supremum of such xq, the lemma follows. 

To complete the Theorem 2.1, we shall use the following special case of lemma 2.4: 

Since (5,n).-^(a^nx)(5,n).,) =-5u^a,., and has compact support, estimates ^ 
with g = 6 implies that, if < s < t < to; then 



L^LliKl) < C(s) + C\\u dtuW^iLUKt) 

< C(s) + C||u||^4ii2(^t)||5in||ioo^6(i^|). 
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Hence if s is close enough to to so that C||n||^4^i2 ^ we conclude that dtu S Lf^L^{K].) with 
norm bounded by 2C(s) for all t £ {s, to), which yields 

dtu G L^LliK). 

If xq is interior to Q, a similar argument can be applied to show that VxU E L'^L^{K), which 
implies VgU £ L'^L^(K). And from this and Holder's inequality we conclude that the total 
energy of u cannot concentrate at (to, xq): 

If f 

lim - / n? + a*^(x)ti^.n^ +— dx = 0. (2.12) 

If Xq G dQ, however, this argument breaks down since V^-u does not vanish on dQ, we cannot 
apply (j2.10p to estimate it. For the way to deal with this problem, one can get the details 
from [ITJ. 

Lemma 2.6. If u G C°°{[0, to) x il) is a solution to (1.1), then 

+ a'\x)ux^ux^ + y) dx (2.13) 

is equal to a fixed constant Eo < oo for all < t < to- Additionally, if < s < t < to,xo G 
fl, then 



(uf{t,x) + a'^ {x)ux^{t, x)ux^{t, x) + — ) da; 
^^/, UUs,x)+a'^{x)ux^is,x)ux^is,x) + ^^-^^)dx. (2.14) 



Proof. To prove the conservation of energy one multiplies both sides of the equation uu 

dxi 



-M-{a^^ {x)ux.) + = by dtu to obtain the identity 



+ —] - ^[uta'->[x)ux.] (2.15) 



dt\ 2 Q J dx 



Thus, 

at in*- 2 6 -I infliiV ' ^ ' "'V 

And since the last term is always zero, by the divergence theorem, due to the fact that 
dtu = on and n(t, x) = for |x| > C + 1, we see that ()2.15p implies that ()2.13p must 
be constant, as desired. 

To prove the other half of lemma 2.6 we need to define the energy flux across part of 
the domain of dependence of a point. 

To do this, we first need to introduce some more notation. First of all, if < s < t < 
to, set 

Kl = Kr\{[s, t] xQ), 
where K is as above. And let M* denote the "mantle" associated with it: 

Ml = dKlr\{[s, t] X 9). 
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Also, let da denote the induced Lebesgue measure on M* and u = u(p, x) = , ' . ■■ de- 

notes the unit normal through (/), x) G M*. If we let e{u) be the vector field arising 
from ([213]) , 

/ u1 + a^^ {x)uxUx ■■ \ 

e{u) = h —,-uta^{x)Uxi), 



2 6 
then we can define the "energy flux" across M* 

Flux{u, Ml) 

[e{u), u^da 



Mi 



i{u^ + a'-^x)uxiUxj + ^) - uta'^{x)ux^Px 



2 



2 



-da 



\{ul + aHx)ux.Ux, +i) - \{ul + ia^^ix)ux^ux,)) ^^ 

Ml v^^ww 

, da > 0, 

Ml 6v/l + |Vp|2 

since |Vg/>|^ = g^-' {x)pxiPxj = ol"^ {x)px^Pxj = 1- Also, Cauchy-Schwarz inequality is used to 
prove the above inequality. If we integrate ()2.15p over we arrive at the "flux identity": 



\ [ x) + a'^ix)ux^{t, x)ux^it, x) + dx + Flux{u, Ml) 



^ ^ .1 . .1,1 \ 

dx. 



\l, (ufis, x) + a'\x)ux,{s, x)ux^{s, x) + ^ 



(2.16) 



that is 

E{u, D{t)) +Flux{u, Ml) =E{u, D{s)), (EH) 

where 

E(u, D(t)) = - (uf + a'^x)ux Ux H ) dx. 

Since Flux{u, Ml) > 0, we see ()2.16p implies (|2.14p . which completes the proof. 

And we conclude from (pTUT|) that t E{u, D{t)) is a non-increasing function on [0, to)- It 
is also bounded, since E(^u, D{t)) < E[t) < Eq < oo, on account of our assumptions on the 



data. Hence, E(^u, D{t)) and E(^u, D{s)) in ( 2.161 ) must approach a common limit. This 
in turn gives the important fact that 

Flux{u, Ml) ^0, as s^t. (2.17) 
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Given e > 0, from the identity (|2.12p . we can find a < ti < to so that 

6s 



If, , (uf + a'^{x)u^^u^^ + ^){ti, x)dx < ^. 

By dominated convergence, there is a (5 > so that 

■/ (u^t +a''^{x)u^^u^ +^){h, x)dx < s 

Z J P(X, XQ)<5 + tQ-tl \ 6 / 



Then by the monotonicity of energy (|2.14p . yields 

u^{t, x) 



(X, XQ)<S + tQ-t 6 



dx < e, ti <t < to- 



Let 

= { {t, x) : p{x, xo) < 6 + to - t, [t, x) e [0, to) -X ^} . 

For e sufficiently small, we can repeat the proof of lemma 2.4 with K replaced by K^, to 
conclude that 

u€LtL^iK'). 

Combing with lemma 2.6 as above we can now argue as before to conclude that 

dtu G LTLliK'), G LTLliK'), 

which implies u G L°°{K'i) by Sobolev's theorem. Since u vanishes outside of a rela- 
tively compact subset of [0, to) x we can cover its support by finitely many of these 
sets -fCa. Hence, u G L°°([0, to) ^ which implies that u can be extended to a global 
solution. 

For Xo G (90, an additional argument is needed since does not vanish on 30. Here 
we skip this step as the method is just totally the same as Smith and Sogge used in [llj . 

2.2 Nonconcentration of part of energy 

Now we prove lemma 2.2. For that purpose we need several lemmas about differential 
geometry. And we work on with metric g = (•, ■)g given by (2.1). 
Lemma 2.7. Let / be function and X G O^. be vector field. Then, we have 

(V,/, V,(X(/))>^ = (Vv,/X, V,/>^ + X(i|V,/|2), xGO. (2.18) 

We shall prove this identity in section 3. 
Since for any vector field y, Z G 0^^, we have 

(VyV,(p2), = y(v,(p2), z>^-(v,(p2), VyZ>^ 

= YZ{p^)-{VyZ){p^) 
= D^p\Y, Z), 
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where D^p^ is the Hessian of the function p^, if we replace X, f in the equahty (j2.18p 
with Vg(^/5^), u respectively, we get 



[VgU, y g{paJ'^ P^Mx^)] 



<Vv,.Vg(-p2), sj^u)^ + Vg{-p'){-\V 

Wp'iVgU, VgU)+Vg{\p'){l\VgU\l). 



Lemma 2.8. If the sectional curvature k of the Riemannian manifold ($7, g) satisfies 



9 9 

-a < K < a 



then for the distance function p on (Q, g),\/ X, Y £ Q^, we have 



hm = Km (A,(lp^) - ^^/^l^J^pV,,) = 3, 



p->0 



1 1.^, dgir 

2 5x,- 



1 



lim -D^p\X, Y) = (X, Y) , 

where Ag is the Laplace operator on (fi, (7). 

For the proof see section 3. 
Lemma 2.9. Assume that u is a weak solution to (1.1), then we have 

du 



dv 



L2((0, t(,)y,dQ.) 



< CE{u)2, 



where ^ is the trace to the boundary of the exterior normal derivative of u. 



(2.19) 
(2.20) 



(2.21) 



Proof. Similar to the constant case in Burq et all [1], take Z € C°°(r2; TQ) a vector field 
whose restriction to dO, is equal to ^ and compute for < T < to 



T 



Jn '- 

T 



00 

(d? - —(a'^—)),Z u(t, x)-u(t, x)dxdt 

OXi OXj J 



Jn '- 



{d? - a 



92 



dxidxj dxi dxj 



)Zu - Z(dt - a'^ 



dxidxj dxi dxj 



u 



udx dt. 



Integrate by parts, we obtain 



Jn 

T 



d 



d 



(dt - —(a'^—)),Z u(t, x)-u(t, x)dxdt 
OXj ox ■ ' 



d_ 

Jn 9xi 



[{Zu)a'^ 



du 
dx-i 



dxdt+ [ [ -{Zu)u^ + Z{u^)udxdt (2.22) 
Jo Jn 



+ 



df(Zu) ■ udx 



n 



^Jn 



(Zu) ■ dfU dx 



From the assumption of the coefficients a'-', and noting that on [0, T]xdn, = {duu)v, we 
have 



r / A[(zn)a-|^]d.dt= r / |^a-|^..d.dt 
Jo Jnoxi"- dxj' Jq Jandu dxj 



/ —a'Hdyu)uiVTdadt>C 
J an 



Jan 



f^?dadt. 
' dv ' 



(2.23) 
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Remark now that \i Z = '^jbj-^, then integration by parts yields(using the Dirichlet 
boundary condition) 



[ -{Zu)u^ + Z{u^)udxdt =- [ [ Z{u^){t, x)dxdt 



db 



J^^n^dxdt <CE{u). 



(2.24) 



''^~J' 



while 



and 



dt{Zu) • udx 



(Zn)-atudxJ^ <CE{u) 



(2.25) 



i*^? ~ ^('^*'' a§"))i ~ ~ [^('^'"' a§")' ■^l ^ ^ second order differential operator in 



the X variable is continuous from Hq{Q) to H ^(^2) and consequently 



T 

Jn 



d 



d 



(d? - ■:^(a'^^)),Z u(t, x)-u(t, x)dxdt < CEiu). (2.26) 

OXi OXj i 



As the constants are uniform with respect to < T < collecting (|2.22p . (|2.23p . (|2.24p . 
([2:25]1 and ([2:26]) yields ([MI]). 

Proof of lemma 2.2. Following Ibrahim and Majdoub [6], we use a geometric multiplier. 
For the sake of notation it is convenient to shift (to, xq) G M x (7 to the origin. 

Multiply the equation utt-^ (a*-' (x)na; J + = hy tut + pa}"^ px^u^i+u. By (|2.15p it 
is easy to see the contribution from the first term is 



d 1 



dt^ '2 
Similarly, we compute 



1 d 



d 



0= (utt - — (a*^(x)u^J +u^)[pa!'^p^^u^^). 



For 



pa "^PxmUxiUtt = {pa Pxm'axiUt)t - pa '^Pxm'axitUt 

1 du^ 

= ipa^'^Px^u^,ut)t- -pa^'^p^^-^^ 



Id d 

{pa^"^ PxmUxiUt^ - -[^{pa^"" p^^ui) - j—{pa^"'p^ 
2 ^oxi oxi 
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Using (j2.18l ) in lemma 2.7, we have 



d 



d 



d_ 

dxi 
d 

g^,{pa^"'PxmUxfi'^{x)u^^) -{Vgu, Vg(/>a''"/>^^n^J)^ 
dxi 



d 1 3 1 



1 



d ± 

-Q^W'^Px^U^fi'^U^^) - -D^P^iVgU, VgU) 



l_d_ 

2dxi 



1 d 



and 



Pa^"^ Pxrr^UxiU^ 



If du^ \ 



dxiJ 



Finally, 
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= u[utt- -Q^[a'\x)uxj) + 



u 



d 



{uut)t -uf - -^{ua'^Ux^) + u^^a'^{x)uxj + 
d d ■■ 



Adding, we obtain that 



d 



{tut + pa^'^px^Ua,, + u) {utt - -Q^{a'\x)u^^) + u^) 



d 



--dt{tQ + utu) - Q^itP) + R = 0, 



where 



„ 1/ 2 7-,/ N \ utpa'^Px.u^ 



, ij ( , pa^'^PxmUxi , 



\2dxi 
1 1 5 



.jj 2/ 2 

,2 /5 15 



Note that the boundary of the truncated cones is 

dKl = (([5, T] X da) n irj) u mJ u D(r) u d{S), 
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for K'g , M'^, D(T) are as above. Thus if uqq denotes the outward unit normal for Q, in- 
tegrating the identity ()2.28p over the truncated cones , we get 

= / {TQ + utu)dx - f {SQ + utu)dx + [ + - tP -V p^^ 

Jd(T) Jd{S) JmT yfl + \Vp\^ 

+ UQn- {-tP) da+ Rdtdx. 

Ji[s,T]xdn)nK'§ Jkt 

First we compute the second to the last term. Note that on [5, T] x dVL, 

VxU = {duu)v, u = ut = 0. 



Thus, 

VgU = a^-'uxj = {duu)a''^i>j, 

so 

P = ( - -{dyu)a:^Vj{dyu)vi) + {dyu)a''^Vrn 

Finally we get 

-tv ■ P = ]^pa}"'pxmMdvufa'^i'iVj - al-'^uiVmidyuf paJ-^ Px^Vi 

= -^a''"'uiUrn{duuf pa'^ pxji^i = -]^a'-"'viVrn{dvuf pV gp ■ u. 
However, for x G dVt, given that xq = G we have 

Vgp{x) = ^ + 0{x), v{x) = v{id) + 0{x), 
where is a unit vector tangent to dO. at xq = 0. Consequently, as i^(0) • 1^ = 0, 

Vgp{x) ■ u{x) = 0{\xf) = 0{p^), for X G d^. 
So the second to the last term in ()2.29p is bounded(using lemma 2.9) by 



sup p2 X / {—yda{x)dt < C\S\'^E{u). 



xei^g -'(-1, o)xdn ou 

For the first term 



d 



Jd{T) ^Jd{T) ' ^Jd{T) ^ ^Jd{T) 



uutdx < ( I u^dx]^ ( / ufdx]^ ( / Idx'^ 



<C\T\{E{u,DiT))y{E{u,DiT))) 



1 1 

2 



(2.29) 
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and 



/ TQdx\ < / \-{u^t +a'^{x)ux,Ux^ + ^) + ^ ' |dx 

Jd{T) JD(T) ^ 6 t 

< C\T\{Eiu,D{T))) + |r| / \uta'^ px^UxMx 

J D{T) 

< C\T\ {E{u, D{T))) + \T\ [ ^ + "'"'^"'^""'"''''"'''"M x 

Jd(T) 2 2 



<C,\T\{E{u,D{T))) 
^0, 



as T ^ 0. 

So if T ^ 0, 



/ {TQ + utu)dx 0. 
Jd(T) 



ID(T) 

Let T — )■ in the identity ()2.29p , we conclude that 



{SQ + u,u)dx+ [ tQ + uu,-tP.Vp 



+ / i^an- i-tP) da = - [ 

J([5,0]x9r2)nifg Jh 

Let 

/ = - 

iDiS) 

'■ tc 

/a/0 + 



(2.30) 



I = - (SQ + tifu)dx, 
Jd(s) 



11= f + - • ^P ^^ 



On the surface /? = — t, we have 
+ uut -tP-Vp 

~2 

1 

-pa^'^PxiPxm [2 (^i - - y)] - a'^UxjpxA^ + i^^t + 

= - puf + 2utpa ■'PxiUxi h uut 

P P 

pa'^Px^Ux, .2 .pa'^pxjUxi . 

= -p( ut) -u{ Ut). 

p p 

If we parameterize Mg by 

n3y^ {-p{y), y), p< \S\, 



and let v{y) = u{—p{y),y), then da = y^l + \Vp\'^dy, and 

= ut{-Vp) + Vu, 

furthermore 

a'^PyjVy, = -a'^PyJPy^Ut + a'^ PxjUx^ 
= -Ut + a'^PxjUx^, 
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so 



JK 



tQ + uut -tP -Vp 



da 



,pa'^PxjUx, .2 , ^pa'^PxjUxi V 
p{ ut) +u[ Ut) 

v2 



J{V&.: p<|5|} 



For 



I{yen: p<\S\} <~'y, 
Jp=\s\ |Vp| 2 



{j/eQ: p<|5|} P 



Vpa'^Py Vy 

1 dy. 



'{yen-. p<\s\} % ^ 

a . , 1 



\^^{^)dy 



{yen-. p<\s\} 2 ^y^ p 

JivGn-. o< S \ ^P (Jyi 



--\s\ 2|Vp| J{y(in: p<\s\} 2p 
where ds is the induced Lebesgue measure on the surface p = —t. And so we have 



II 



{yGQ: p<\S\} P 
1 

{yen: p<\S\} P 
{yen-. p<\s\} P 2 2^y^ 



J f 



pa!-^ Py^Vy^ +v\ dy + 



{yen-. p<\S\} P 
ds 



Vp0}^Py^Vy 

1 dy 



=|5| 2|Vp| 



+ / ^K-^^(p«^X)]dy 



(2.31) 



/ 



t{a^^PxjUxi -ut + ^) 



Ml Vl + IVpP 



^da + 



/ 



2|Vp| 



ds 



v^,3 Id 



'{yen-. p<\s\} P ^ ^Oyi 
In D{S) = {x eQ: p{x) < -S}, t = S, and we have 

S ■■ 

SQ + uut = - {uf + a'^Ux^Uxj + y ) + (u + pa'^ px^u^^) ■ 
For the second in the right side, using Cauchy-Schwarz inequahty in lemma 3.2 we have 



ut{u + pa'^ pxjUxi) <\S\ 

<\s\ 



{u + pa^^ Px.Ux 



2^2 



uj {u + pa'^ PxjUxif 



+ 



2^2 



, 1^1 



2upa^^PxiUx 



2 ip 



,r.,uf \S\ 

<i^if +v 



— +a-'uxiUxj + 



2upa''^Px.u^ 
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As S < 0, we get 



SQ + uut < 



~6~ ~ 2^ p2 



so 



D(S) 



{SQ + utu)dx 



> -S 



-dx + S 



D{S) 



D(S) P 



upa'^p^^Uxi 



dx 



D{S) P 



U 



\S\ / —dx + S(- / -^dx + 



Similarly we compute 



D{S) 



upa'^PxjUx^ 



D{S) P 



upa'^PxjUx^ 



D{S) P 



dx 



D{S) P 



D{S) 



d fa^'px.u' 



D{S) 



2p 



dx 



dx 



d fa'^Px 



D(S) 



2 5^ A p 



dx 



v?a'^px,px,. 

-ds 



P=\S\ 



p=\S\ 



2p\Vp\ 



u 



rds 



D{S) 
U 



V? d ^pa^^Px 



dx 



2^1 d 



m\^p\ Jd(s) 2 Lp2a 



-^ — {pa'^p^.) - pa'^p. 



'^Px 



'i 



U 



rds 



\s\2\S\\Vpr JDiS)2p^ 
Combining (j2.32p and (|2.33p . we quickly get 



dx. 



I>\S\ [ ^dx- [ i^ds + S [ ^[3- )]dx. 
Jd{S) 6 Jp=is\ 2|Vp| Jo^s) ^P dx. 



(2.32) 



(2.33) 



(2.34) 



By continuity, the sectional curvature is uniformly bounded near xq. Then following 
from (|2.30p . ()2.3ip . ()2.34p . and lemma 2.8, using Cauchy-Schwarz inequality in lemma 3.2, 



15 



we have 



|5| 



D{S) 



Jo=\s\ 2 Jj^ 



6 



Id{S) 



dx 



= -II - I Rdtdx + i^on- (tP) da 



■L 
J 

Jm 



u\2 



([5, 0]x9Q)ni<'g 
2 . Q 



/ - 



— dcr 



.2 . Q 



dx 

'2 ^3 \ d 



3-— (pa^V.,) 



da; + 



([5, 0]xan)n/s'0 



z^an • (i-P) do - \ Rdtdx 

<C\S\ f {ut-a'^p^,u^fda + C f \t\^da + c[ —pdy 

Jmo Jmo P J{yen: p<\S\} P 

+ C\S\ [ ^pdx + C j piul + a^^u^.u^. + vP)dtdx + C\S\^E{u) -]- f u^dtdx 
Jd{S) ^P 3 

< C\S\ [ {ul - 2uta'^p,^u,^ + {a^^p,^u,f)da + C j ^da + C [ —£==do 
Jmo Jmo \t\ Jmo ^/l + |Vp|2 



+ c\s\ 
+ 



u^dx 



D{S) 



/ —dx]'^+C / p(u^ + a^^UxUx + u^)dtdx 
Id(S) p2 ^ /,.n ^ 



KO 



C\S\^E{u)-- [ u^dtdx 
^Jko 

<Ci\S\ [ {ul + a'^Ux,UxMa + c( [ \t\-ldaY ( [ u^'daY 
JmO ^JmO ) ^JmO ' 



+ C [ p(ul + a'^Ux.Ux^ + u^)dMx + C\S\^E{ 
Jro 

< C^\S\Fluxiu,M^) + C5i\S\ + \S\'^)(^Flux{u,M^^)y' + C6\S\'^ {E{u, 0(3)))' 

+ C [ pU?, + a'^Ux-Ux- + u^)dtdx + 
Jko„ 



< C4\S\Flux{u, M^s) + C-,{\S\ + \S\^) (fIux{u, M^)) ' + Cq\S\^EI 

+ C I p{ul + a'^ux-ux- + u^)dtdx + C\S\^E(u). 
Jro 



We put some specific computations in the last part of section 3, such as the term 



(2.35) 



/ 1*1" 
JmO 



2 dcr. 



16 



D(S) 6 



+ Ce\S\E^ + ^ — + C\S\Eiu) 



Then combing with (j2.17p and (j2.35p we have 

-dx < CFlux{u, Ml) + C(l + \S\){Flux{u, M^))i 
1 C /^o p{u^ + a'^^UxiUxj + u^)dtdx 

^0 as 

which completes the proof of lemma 2.2. 

3 Appendix 

In this section we give some definition and proofs about Riemannian Geometry. 
Definition 3.1. Distance function 

Suppose (M, g) is a Riemannian manifold. For x,y G M, we define a function d : 
M X M [0, oo): 

d{x, y) = inf{L(7)| 'j is a piecewise smooth curve joining x and y}. (3-1) 

If M is connected, the distance d{x, y) is well defined, since there are piecewise smooth 
curves joining x and y. In this case, we can see the function d satisfies the three properties 
of distance. 

Lemma 3.2. Cauchy-Schwarz inequahty 

If yl is a symmetric, nonnegative n x n matrix, then for x,y £ M"' we have 

n n n 

I Yl ^ ( Yl (^''xiXj)H Yl "'''yiViY- (3.2) 

i,j=l i,j=l i,j=l 

Lemma 3.3. Suppose M is a Riemannian manifold, and O £ M, let 

p: M-^[0, oo) p{x) = d{x, O), 
then E C°°(M) in a neighborhood of O, denoted by Uq- And in Uq we have 

\Vgp\l = g'^p.,p,^=l, Z)V>0, 

where (5*^) = {gij)~^. 

Proof of lemma 2.7. Fist we compute 

= < ^X^gf, Vgf >g 

= < VV,/X, VJ >g + < [X,Vgf], Vgf >g 

= < VV,/X, Vgf >g +[X, Vgf]f 

= < VV,/X, Vgf >g +XVgf{f) - VgfX{f) 

= < VV,/X, Vgf >g +X < Vgf, Vgf >g -Vgf < X, Vgf >g 

= < V^jX, Vgf >g +X < Vgf, Vgf >g 

- < VV,/X, Vgf >g-<X, V^jVgf >g . 
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So we get 

<X, Vv,/V,/ >g=X{^\VJ\l) 
Hence one can finish the proof as follows 

< V,/, V,(X(/)) >g=Vgf{X{f)) 



-- Vgf < X, Vgf >g 

--< VV,/^, V,/ >g + <X, V^.fVgf >g 
-<^V,fX,Vgf >g +X{l\Vgf\l). 



■2' 

Proof of lemma 2.8. To do this we need some computation and an additional lemma, 
that is lemma 3.4 as below. Let G denote det{gij), first we compute 

1 dG ^ rrz d , , 



So 



d f ij ^ 1 d , d I I dG dgim „ 



(3.3) 



'2^^ ' 2" dxi 

where Ag is the Laplace operator on the Riemannian manifold (M, g). 

Lemma 3.4. Suppose M is a connected Riemannian manifold, x G M, p is the distance 

function from some point to x. If the sectional curvature k of M satisfies 

—c? < K < a^, 

where a is a positive real number. Then in M \{x }, we have 

1 + 2apcotap < Ag(^p^) < 1 + 2apcothap, (3.4) 

apcotapg < D^(— p^) < apcothapg. (3.5) 

It is a classical comparison theorem about the Hessian and Laplace of the distance function, 
and one can find the proof in many books about Riemannian Geometry such as Cheeger and 
Ebin [2], Greene and Wu [3]. 

Combining ()3.3p and ()3.4p ,we quickly get the identity ()2.19p in lemma 2.8. And the 
identity ()2.20p can be easily obtained from ()3.5p . 

Now we introduce the geodesic polar coordinates. In this coordinate system, the metric 
can described as follows 

ds'^ = dp^ + p^giidO"^ + 2p^gi2d0d(p + 522^9?^, 
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and then the estimates of the integrate in the geodesic ball or on the mantle can be easily 



get. For example, we estimate J^j/m -\dx and J^^o \t\ 2 da in identity ()2.35p : 

V / s 



D(S) p2 Jo Jo J -IT p2 

Jo 

<c\s\l, 

[ \t\^lda = t \t\-l dt [ [ \t\'^VGdipde 

Jmo Jo Jo J-n 

< C /' ^ Vidt 
Jo 



< C\S\ 
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